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The description of particles with spin can be attained by using a spin density matrix in high energy reaction.
In this paper we present a parametrization of the spin density matrix for spin-3/2 particles in the Cartesian form.
Comparing the standard form which is given by the spherical tensor operator with the Cartesian form yields
four equations for the spin polarizations. These four equations can be used to eliminate the dependent spin
polarizations. We also present the probabilistic interpretations of these spin polarizations by defining the spin
operator in the spherical coordinate frame. These results can be used in the cross section to calculate the hadron
polarizations. To illustrate this, we calculate the inclusive electron-positron annihilation process in terms of
spin polarizations.
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I. INTRODUCTION
Since the establishment of the quantum chromodynamics, physicists have been striving for fully understanding of the hadron
structures and the nonperturbative hadronization processes. However, we do not know them very well, e.g, the proton size [1],
the spin and the intrinsic structure of nucleons [2–4]. Thanks to the factorization theorem [5], many high energy reactions, deeply
inelastic scattering, Drell-Yan and electron-positron annihilation processes, can be calculated in terms of the parton distribution
and fragmentation functions. Particles in these reactions always have nonzero spins. The description of particles with spin can
be attained by using a spin density matrix (SDM) in the rest frame of the particle, and the expansion coefficients represent the
polarization of itself [6].
In quantum mechanics, a series of problems can be resolved after the state vectors are settled down. Furthermore, density
matrix, which can be applied in many areas, such as quantum physics, statistical physics, extends the concept of state. If the
system under considering includes particles with spin, the description of these particles can be attained by using the so-called
spin density matrix. It is a (2s + 1) × (2s + 1) matrix, where s is the particle spin [7]. According to the definition of the matrix,
one can find out that ρ is a hermitian matrix whose trace is unity. As a result of the hermitian property, there is a unitary matrix
U that can diagonalize it, i.e., ρD = U−1ρU, where ρD denotes the diagonal matrix. For the density matrix, one can also prove
that the diagonal elements are positive semi-definite and Trρ2 ≤ 1. The SDM can be written as a standard form by using the
spherical tensor operator or a Cartesian form by using the irreducible spin tensor. For example, the best known density matrix
of spin-1/2 particles can be decomposed on a Cartesian basis as
ρ =
1
2
(1 + P · σ), (1.1)
where σ is the Pauli matrix, P is the spin-polarization vector for the ensemble. The spin-1 density matrix can be parametrized in
a similar way with the identity matrix, three spin vector operator matrices, Σx,y,z, and five spin tensors, Σi j [8]. In this paper, we
focus on the parametrization of the density matrix of the spin-3/2 particles. We construct the density matrix by using the spin
operator in cartesian coordinate system. We also present the average value of the spin operator which can be expressed by the
probabilities of some spin state.
Recently, Perotti, Faldt, Kupsc, Leupold and Song discussed the polarization observables for baryon-antibaryon pair produc-
tions in electron-positron annihilation process with the density matrix [9]. The helicity formalism used in [9] was originally
developed by Jacob and Wick for hadron productions [10]. Perotti and colleagues discussed the density matrix from the point
of view of experimental measurement. They mainly provided modular tools to construct joint decay distributions of sequential
decay processes for the spin-1/2 and spin-3/2 baryon pair productions in electron-positron annihilation process. However, in
this paper we consider the parametrization of the SDM for inclusive spin-3/2 particles in Cartesian form. Our consideration
emphasizes on the quark fragmentation or hadronization process. The SDM considered here can not only be applied to the anni-
hilation process but also applied to any other spin-3/2 baryon production processes. To be explicit, our consideration applies to
the direct produced baryons, e.g,Ω. HyperonΩ which is spin-3/2 is made up of three strange quarks. Measuring the polarization
of hyperon in the high energy reactions is an ideal way to study the spin transfer in hadronization processes [11, 12], which can
help us to understand more about the hadronization.
2The rest of the paper is organized as follows. We first calculate the parametrization of the spin-3/2 SDM in Cartesian form in
sect. II. In the following section, we present probabilistic interpretations of these spin polarizations. The brief introduction to
the application of the SDM in high energy reactions will be given in sect. IV. A brief summary is given in sect. V.
II. SPIN DENSITY MATRIX IN CARTESIAN FORM
As mentioned in the introduction, the SDM can either be written as the standard form in terms of the spherical tensor operator
or be given in a Cartesian form. For the standard form, using the spherical tensor, the SDM can be expended as
ρ =
1
2s + 1
∑
L,M
(2L + 1)tLM
∗
T LM , (2.1)
where T L
M
is the spherical tensor operator, L is the rank of the tensor operator which satisfies 0 ≤ L ≤ 2s, −L ≤ M ≤ L, tL
M
is known as multipole parameters. In this paper, we only consider the SDM for spin-3/2 particles in the Cartesian form. It is
shown that the SDM can be defined by the identity matrix, three spin matrices Σi (generalization of the Pauli matrices to the
four-dimensional case) and spin tensors. Since the SDM is a 4 × 4 matrix, it can be parameterized as
ρ = a1 + bS iΣi + cS i jΣi j + dS i jkΣi jk, (2.2)
where 1 denotes identity matrix and Σi are spin operators,
Σx =
1
2

0
√
3 0 0√
3 0 2 0
0 2 0
√
3
0 0
√
3 0

, Σy =
i
2

0 −
√
3 0 0√
3 0 −2 0
0 2 0 −
√
3
0 0
√
3 0

, Σz =
1
2

3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3
 . (2.3)
The second order tensor Σi j is defined as
Σi j =
1
2
(ΣiΣ j + Σ jΣi) − 5
4
δi j. (2.4)
Here Σi j satisfy Σxx + Σyy + Σzz = 0. For Σi jk, it is defined as
Σi jk =
1
6
[
(ΣiΣ jΣk + ΣiΣkΣ j + Σ jΣiΣk + Σ jΣkΣi + ΣkΣiΣ j
+ΣkΣ jΣi) − 5
12
(δi jΣk + δ jkΣi + δkiΣ j)
]
. (2.5)
In Eq. (2.2), S i, S i j and S i jk denote the corresponding spin-polarization vectors and tensors. The coefficients a, b, c and d are
determined by the following equations,
Tr[ρ] = 1, (2.6)
Tr[ρΣi] = 5S i, (2.7)
Tr[ρΣi j] = S ii, (2.8)
Tr[ρΣi jk] =
1
4
S i jk. (2.9)
According to the above formulae, we obtain a = 1, b = 1, c = 1
3
, d = 1
3
. As a result, the density matrix can be rewritten as
ρ =
1
4
[
1 + 4S iΣi +
4
3
S i jΣi j +
4
3
S i jkΣi jk
]
. (2.10)
The definition of Σi j in Eq. (2.4) yields 9 components. However, due to the exchange symmetry constraint (i ↔ j), only 6
of them are left. By using Σxx + Σyy + Σzz = 0, one obtains 5 components in total, Σxx,Σxy,Σxz,Σyz,Σzz, which correspond to 5
3coefficients. For Σi jk, by using the exchange symmetry constraint and the following equations
Σxxx + Σxyy + Σxzz =
4
3
Σx, (2.11)
Σyxx + Σyyy + Σyzz =
4
3
Σy, (2.12)
Σzxx + Σzyy + Σzzz =
4
3
Σz, (2.13)
one obtains 7 components in total, Σxxx, Σxxy, Σyzz, Σzzz, Σzxx, Σzzx, Σxyz, which correspond to 7 coefficients. One can choose
other combinations of these components as long as Σxyz is included. From the above discussion, we obtain 16 tensor matrices
including the unit one. In this case, there are 16 coefficients which correspond to these components. We show them in the
following context.
We introduce the spherical tensor operators.
T 00 = 1, (2.14)
T 10 = c
1
0Σ
z, (2.15)
T 1±1 = ∓c11(Σx ± iΣy), (2.16)
T 20 = c
2
0(2Σ
zz − Σxx − Σyy), (2.17)
T 2±1 = ∓c21(Σxz ± iΣyz), (2.18)
T 2±2 = c
2
2(Σ
xx − Σyy ± 2iΣxy), (2.19)
T 30 = c
3
0(2Σ
zzz − 3Σzxx − 3Σzyy), (2.20)
T 3±1 = ∓c31
[
(4Σxzz − Σxxx − Σxyy) ± i(4Σyzz − Σyxx − Σyyy)
]
, (2.21)
T 3±2 = c
3
2(Σ
xxz − Σyyz ± 2iΣxyz), (2.22)
T 3±3 = ∓c33(Σxxx ± 3iΣxxy − 3Σxyy ∓ iΣyyy). (2.23)
Using Eqs. (2.14)-(2.23), Eqs. (2.1) and (2.10), the following equations can be obtained.
t00 = 1, (2.24)
S L =
15c1
0
4
t10, (2.25)
S xT = −
15c1
1
4
(t11 − t1−1), (2.26)
S
y
T
= −i15c
1
1
4
(t1−1 + t
1
1), (2.27)
S LL =
15c2
0
2
t20; , (2.28)
S xLT = −
15c2
1
4
(t21 − t2−1), (2.29)
S
y
LT
= −i15c
2
1
4
(t2−1 + t
2
1), (2.30)
S
xy
TT
= i
15c2
2
2
(t22 − t2−2), (2.31)
S xxTT =
15c2
2
4
(t22 + t
2
−2) −
15c2
0
4
t20, (2.32)
S
yy
TT
= −15c
2
2
4
(t22 + t
2
−2) −
15c2
0
4
t20, (2.33)
S LLL =
21c3
0
8
t30, (2.34)
S xLLT = −
21c3
1
4
(t31 − t3−1), (2.35)
4S
y
LLT
= −i21c
3
1
4
(t31 + t
3
1), (2.36)
S
xy
LTT
= i
21c3
2
8
(t32 − t3−2), (2.37)
S xxLTT =
21
16
[
c32(t
3
2 + t
3
−2) − 3c30t30
]
, (2.38)
S
yy
LTT
=
21
16
[
−c32(t32 + t3−2) − 3c30t30
]
, (2.39)
S xxxTTT =
21
16
[
c31(t
3
1 − t3−1) − c33(t33 − t3−3)
]
, (2.40)
S
xyy
TTT
=
21
16
[
c31(t
3
1 − t3−1) + 3c33(t33 − t3−3)
]
, (2.41)
S
yyy
TTT
= i
21
16
[
c31(t
3
1 + t
3
−1) + c
3
3(t
3
3 + t
3
−3)
]
, (2.42)
S
yxx
TTT
= i
21
16
[
c31(t
3
1 + t
3
−1) − 3c33(t33 + t3−3)
]
. (2.43)
These coefficients, c
1,2,3
0,±1,±2,±3, in Eqs. (2.24)-(2.43) which can be normalized into the formal values do not affect the derivation,
we won’t show them in this paper. Four equations are obtained,
S LL + S
xx
TT + S
yy
TT
= 0, (2.44)
3S LLL + S
xx
LTT + S
yy
LTT
= 0, (2.45)
3S xxxTTT + S
xyy
TTT
+ S xLLT = 0, (2.46)
3S
yyy
TTT
+ S
yxx
TTT
+ S
y
LLT
= 0, (2.47)
which can be used to eliminate 4 coefficients (polarizations). Finally, there are 16 kinds of polarizations obtained to describe the
spin-3/2 density matrix. One unpolarized case, three spin vectors polarizations and the 5 + 7 = 12 spin tensor polarizations.
Here the polarizations are named under the following conventions. Subscript L, T are used to denote the longitudinal (z) and
the transverse direction (x, y) components, respectively. Superscripts x, y are used to distinguish the x- and y-components while
z is omitted.
We can show the explicit parametrization of the spin-3/2 SDM for that all the spin polarizations and the corresponding
polarizations are known. Substituting all of the S i,i j,i jk and Σi,i j,i jk into Eq. (2.10) yields
ρ =
1
4

A1 B1 C1 D
B∗
1
A2 B2 C2
C∗
1
B∗
2
A3 B3
D∗ C∗
2
B∗
3
A4
 , (2.48)
where
A1 = 1 + 6S L +
4
3
S LL + S LLL , (2.49)
A2 = 1 + 2S L − 4
3
S LL − 3S LLL , (2.50)
A3 = 1 − 2S L − 4
3
S LL + 3S LLL , (2.51)
A4 = 1 − 6S L + 4
3
S LL − S LLL , (2.52)
B1 = 2
√
3S
x−iy
T
+
2
√
3
3
S
x−iy
LT
+
√
3
3
S
x−iy
LLT
, (2.53)
B2 = 4S
x−iy
T
− S x−iy
LLT
, (2.54)
B3 = 2
√
3S
x−iy
T
− 2
√
3
3
S
x−iy
LT
+
√
3
3
S
x−iy
LLT
, (2.55)
C1 =
2
√
3
3
S
xx−ixy
TT
+
√
3
3
S
xx−ixy
LTT
, (2.56)
5C2 =
2
√
3
3
S
xx−ixy
TT
−
√
3
3
S
xx−ixy
LTT
, (2.57)
D = S
xxx−ixyy
TTT
. (2.58)
We note that X∗(X = B,C,D) is the complex conjugate of X. Here S x−iy
LT
= S x
LT
− iS y
LT
, the similar shorthanded notations are
also used for S TT , S LLT , S LTT and S TTT . In order to obtain the SDM, Eq. (2.48), we have used these relations shown in Eqs.
(2.44)-(2.47). Since the hermitian matrix whose diagonal elements are positive semi-definite, we can obtain the positivity bound
of the longitudinal polarizations,
− 1
4
≤ S L ≤ 1
4
, (2.59)
− 1 ≤ S LL ≤ 1, (2.60)
− 2
5
≤ S LLL ≤
2
5
. (2.61)
Here we define the total overall degree of polarization. The degree of polarization of any state which is proportional to its
distance to the unpolarized state is defined as [7, 13]
d =
1√
2s
√
(2s + 1)Trρ2 − 1. (2.62)
If only the longitudinal polarizations are taken into consideration, the overall degree of polarization is given by
d =
1
3
√
60(S L)2 +
16
3
(S LL)2 + 15(S LLL)2. (2.63)
The complete the overall degree of polarization is
d =
1
3
{
60
[
(S xT )
2 + (S xy)
2 + (S L)
2
]
+
16
3
(S LL)
2 + 4
[
(S xLT )
2 + (S
y
LT
)2 + (S
xy
TT
)2 + 4(S
xy
LTT
)2
]
+ 15(S LLL)
2 +
5
2
(S xLLT )
2 +
5
2
(S
y
LLT
)2 + (S xxLTT )
2 + (S
xy
LTT
)2 +
3
2
(S xxxTTT )
2 +
3
2
(S
xxy
TTT
)2
}1/2
, (2.64)
whose value ranges between 0 and 1.
III. PROBABILISTIC INTERPRETATION
In the previous section, we present the SDM in Cartesian form. It is parameterized by the spin vector (tensor) with the
corresponding coefficients. For a particular component of the spin vector, it measures a combination of probabilities of finding
the system in a certain spin state which is defined in the particle rest frame. For a system of hadrons, SDM is always being used
to describe the polarization. From the original definition of the density matrix, it can be given by
ρ =
∑
m,n
|n〉〈n| ρ |m〉〈m| =
∑
m,n
Tr
[
ρ|m〉〈n|]|n〉〈m|, (3.1)
where |m〉, |n〉 are eigenstates of certain operators. If Eq. (3.1) is SDM, |m〉, |n〉 will be eigenstates of spin operators. The
probability of finding one of these states is defined as P ≡ Tr[ρ|m〉〈n|].
The spin operator can be defined in arbitrary direction,
Σinˆi = Σx sin θ cos φ + Σy sin θ sinφ + Σz cos θ, (3.2)
where θ and φ denote the polar and azimuthal angles, respectively. The polarization of a system can be calculated with the
following equation [14],
O = 〈O〉 = Tr[Oρ], (3.3)
6where O denotes any spin operator.
In order to show the explicit expression of these probabilistic interpretations of the spin polarization, we first decompose the
tensors for spin-3/2 particles into the following forms,
Σxyz =
1
6
[
(Σx + Σy + Σz)3 − (Σx + Σy)3 − (Σx + Σz)3 − (Σy + Σz)3 + (Σx)3 + (Σy)3 + (Σz)3
]
, (3.4)
Σxxy =
1
3
[
(2Σx + Σy)3 − 2(Σx + Σy)3 − (2Σx)3 + 2(Σx)3 + (Σy)3
]
− 5
12
Σy, (3.5)
Σyzz =
1
3
[
(2Σz + Σy)3 − 2(Σz + Σy)3 − (2Σz)3 + 2(Σz)3 + (Σy)3
]
− 5
12
Σy, (3.6)
Σzzx =
1
3
[
(2Σz + Σx)3 − 2(Σz + Σx)3 − (2Σz)3 + 2(Σz)3 + (Σx)3
]
− 5
12
Σx, (3.7)
Σzxx =
1
3
[
(2Σx + Σz)3 − 2(Σx + Σz)3 − (2Σx)3 + 2(Σx)3 + (Σz)3
]
− 5
12
Σz, (3.8)
Σxxx = (Σx)3 − 5
4
Σx, (3.9)
Σzzz = (Σz)3 − 5
4
Σz. (3.10)
By using Eq. (2.48), we take (Σx + Σy + Σz)3 for example to show the probabilistic interpretation. Assuming that | m〉 is the
eigenstate of the spin operator, therefore
1√
3
(Σx + Σy + Σz)| m〉 = m| m〉 (3.11)
where m = ± 3
2
,± 1
2
for spin-3/2 particles. Let’s consider the expectation value of (Σx + Σy + Σz)3. Here we define S
xy
LTT
= 〈Σxyz〉.
For the other polarizations, the definitions are the same, see Eq. (3.3).
〈(Σx + Σy + Σz)3〉 = Tr[ρ(Σx + Σy + Σz)3]
= Tr
[∑
m,n
Tr
[
ρ| n〉〈m |]| m〉〈n |(Σx + Σy + Σz)3]
=
∑
m,n
Tr
[
ρ| n〉〈m |]Tr[(Σx + Σy + Σz)3| m〉〈n |]
= (
√
3m)3
∑
m,n
Tr
[
ρ| n〉〈m |]δmn
=
(
3
√
3
2
)3
[P 3
2
(θ, φ) − P− 3
2
(θ, φ)] +
( √
3
2
)3
[P 1
2
(θ, φ) − P− 1
2
(θ, φ)], (3.12)
where (θ, φ) = (arctan
√
2, pi
4
). Following the same steps, we can calculate all of the expectation values of these spin tensor. For
Σxyz,Σxxy, we have
〈Σxyz〉 =
√
3
2
(
3
2
)3
[P 3
2
(θ, φ) − P− 3
2
(θ, φ)] +
√
3
2
(
1
2
)3
[P 1
2
(θ, φ) − P− 1
2
(θ, φ)]
−
√
2
3
(
3
2
)3
[P 3
2
(
pi
2
,
pi
4
) − P− 3
2
(
pi
2
,
pi
4
)] −
√
2
3
(
1
2
)3
[P 1
2
(
pi
2
,
pi
4
) − P− 1
2
(
pi
2
,
pi
4
)]
−
√
2
3
(
3
2
)3
[P 3
2
(
pi
4
, 0) − P− 3
2
(
pi
4
, 0)] −
√
2
3
(
1
2
)3
[P 1
2
(
pi
4
, 0) − P− 1
2
(
pi
4
, 0)]
−
√
2
3
(
3
2
)3
[P 3
2
(
pi
4
,
pi
2
) − P− 3
2
(
pi
4
,
pi
2
)] −
√
2
3
(
1
2
)3
[P 1
2
(
pi
4
,
pi
2
) − P− 1
2
(
pi
4
,
pi
2
)]
+
1
6
(
3
2
)3
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] +
1
6
(
1
2
)3
[P 1
2
(
pi
2
, 0) − P− 1
2
(
pi
2
, 0)]
+
1
6
(
3
2
)3
[P 3
2
(
pi
2
,
pi
2
) − P− 3
2
(
pi
2
,
pi
2
)] +
1
6
(
1
2
)3
[P 1
2
(
pi
2
,
pi
2
) − P− 1
2
(
pi
2
,
pi
2
)]
7+
1
6
(
3
2
)3
[P 3
2
(0, 0) − P− 3
2
(0, 0)] +
1
6
(
1
2
)3
[P 1
2
(0, 0) − P− 1
2
(0, 0)], (3.13)
〈Σxxy〉 = 5
√
5
3
(
3
2
)3
[P 3
2
(
pi
2
, φx) − P− 3
2
(
pi
2
, φx)] +
5
√
5
3
(
1
2
)3
[P 1
2
(
pi
2
, φx) − P− 1
2
(
pi
2
, φx)]
− 4
√
2
3
(
3
2
)3
[P 3
2
(
pi
2
,
pi
4
) − P− 3
2
(
pi
2
,
pi
4
)] − 4
√
2
3
(
1
2
)3
[P 1
2
(
pi
2
,
pi
4
) − P− 1
2
(
pi
2
,
pi
4
)]
− 2
(
3
2
)3
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] − 2
(
1
2
)3
[P 1
2
(
pi
2
, 0) − P− 1
2
(
pi
2
, 0)]
+
1
3
(
3
2
)3
[P 3
2
(
pi
2
,
pi
2
) − P− 3
2
(
pi
2
,
pi
2
)] +
1
3
(
1
2
)3
[P 1
2
(
pi
2
,
pi
2
) − P− 1
2
(
pi
2
,
pi
2
)]
− 5
12
(
3
2
)
[P 3
2
(
pi
2
,
pi
2
) − P− 3
2
(
pi
2
,
pi
2
)] − 5
12
(
1
2
)
[P 1
2
(
pi
2
,
pi
2
) − P− 1
2
(
pi
2
,
pi
2
)], (3.14)
where φx = arctan
1
2
. Applying the exchange symmetry yields the similar results for Σyzz, Σzzx and Σzxx if the the polar and
azimuthal angles are chosen properly.
〈Σxxx〉 =
(
3
2
)3
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] +
(
1
2
)3
[P 1
2
(
pi
2
, 0) − P− 1
2
(
pi
2
, 0)]
− 15
8
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] − 5
8
[P 1
2
(
pi
2
, 0) − P− 1
2
(
pi
2
, 0)]. (3.15)
One can obtain the similar results for Σzzz by changing x to z. For completeness, we also calculate the other polarizations.
〈Σx〉 = 3
2
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] +
1
2
[P 1
2
(
pi
2
, 0) − P− 1
2
(
pi
2
, 0)], (3.16)
〈Σzz〉 = 9
4
[P 3
2
(0, 0) + P− 3
2
(0, 0)] +
1
4
[P 1
2
(0, 0) + P− 1
2
(0, 0)] − 5
4
, (3.17)
〈Σxy〉 = 9
4
[P 3
2
(
pi
2
,
pi
4
) + P− 3
2
(
pi
2
,
pi
4
)] +
1
4
[P 1
2
(
pi
2
,
pi
4
) + P− 1
2
(
pi
2
,
pi
4
)]. (3.18)
The spin vector polarizations Σy and Σz have the similar results to Σx. They can be obtained by replacing the polar and azimuthal
angles properly. The spin tensor polarizations Σxx, Σxy and Σyz can also be calculated in the same way. We show the other
polarizations in the Appendix.
IV. APPLICATIONS
In the previous sections, we obtain 7 spin polarization components for spin-3/2 particles, S LLL , S
x
LLT
, S
y
LLT
, S xx
LTT
, S
xy
LTT
, S xxx
TTT
and S
xxy
TTT
, which correspond to Eqs. (3.4)-(3.10). Here we note that one can freely choose any combination of the 7 polarizations
as long as S
xy
LTT
is included. With these polarizations, it is straightforward to apply them into high energy reactions, e.g, baryon
production electron-positron annihilation process. To illustrate the applications, we first give the following definitions.
|S LLT | =
√
(S x
LLT
)2 + (S
y
LLT
)2, (4.1)
|S xLTT | =
√
(S xx
LTT
)2 + (S
xy
LTT
)2, (4.2)
|S xxTTT | =
√
(S xxx
TTT
)2 + (S
xxy
TTT
)2, (4.3)
S xLLT = |S LLT | cosφLLT , (4.4)
S
y
LLT
= |S LLT | sinφLLT , (4.5)
S xxLTT = |S xLTT | cosφLTT , (4.6)
S
xy
LTT
= |S xLTT | sinφLTT , (4.7)
S xxxTTT = |S xxLTT | cosφTTT , (4.8)
S
xxy
TTT
= |S xxLTT | sinφTTT . (4.9)
8We note that S
K1
LTT
and S
K2
TTT
(K1 = xx, xy; K2 = xxx, xxy) are defined respectively by |S xLTT | and |S xxTTT | rather than |S LTT |
and |S TTT | because of the convenient measurements in experiments. To see this, we consider the inclusive spin-3/2 particle
production process in electron-positron annihilation reaction.
It is known that the cross section of the annihilation process can be written as the product of the leptonic tensor and the hadronic
tensor [15–18]. The hadronic tensor can not be calculated perturbatively because it contains the nonperturbative hadronization
process. From the theoretical point of view, there are two kinds of method to calculate the hadronic tensor. The first one is to
use the parton model [19–21] which ensures that the hadronic tensor can be decomposed with twist [23]. One is to decompose
the hadronic tensor with the basic Lorentz tensors as shown in ref. [18, 22]. In this paper, we only consider the second one.
For a general consideration, the hadronic tensor can be decomposed as
WSµν =
∑
σ, j
WSσ jh
Sµν
σ j
+
∑
σ, j
W˜Sσ jh˜
Sµν
σ j
, (4.10)
WAµν =
∑
σ, j
WAσ jh
Aµν
σ j
+
∑
σ, j
W˜Aσ jh˜
Aµν
σ j
, (4.11)
where h
S/Aµν
σ j
are named as basic Lorentz tensor. We use ∼ to denote the parity violating terms (for BESIII energy scale, parity
violating terms which come from the weak interaction vanish), W
S/A
σ j
are coefficients, subscript σ and j denote the polarization
and the serial number of the basic Lorentz tensor. To construct the basic Lorentz tensor, only the momenta of the virtual photon
(q) and the produced hadron (p) can be used for the unpolarized case, i.e,
h
Sµν
Ui
=
{
gµν − q
µqν
q2
, p
µ
q p
ν
q
}
, (4.12)
h˜
Aµν
U
= εµνqp, (4.13)
where gµν is metric tensor, p
µ
q = p
µ − qµ(p · q)/q2. pq is used to keep the hadronic tensor satisfying the current conservation,
qµW
µν = qνW
µν = 0. For the spin vector terms, we have
h
Sµν
V
= ε{µqpS pν}q , (4.14)
h˜
Sµν
Vi
=
{
(q · S )hSµν
U j
, S
{µ
q p
ν}
q
}
, (4.15)
h
Aµν
Vi
=
{
(q · S )h˜Aµν
U
, ε[µqpS pν]q
}
, (4.16)
h˜
Aµν
V
= S
[µ
q p
ν]
q , (4.17)
where S denotes the spin polarization vector (S L, S
x
T
, S
y
T
). The conventions A[µBν] ≡ AµBν − AνBµ and A{µBν} ≡ AµBν + AνBµ
are also used. For the spin tensor case, it is convenient to use the following definitions,
h
Sµν
LLi
= S LLh
Sµν
Ui
, h˜
Aµν
LL
= S LLh˜
Aµν
U
, (4.18)
h
Sµν
LT
= S
{µ
LT
pν}q , h˜
Sµν
LT
= ε{µqpS LT pν}q , (4.19)
h
Aµν
LT
= S
[µ
LT
pν]q , h˜
Aµν
LT
= ε[µqpS LT pν]q , (4.20)
h
Sµν
TTi
= S
µν
TT
, h˜
Sµν
TT
= ε{µαqpS ν}
TTα
. (4.21)
From the above discussion, the construction of the basic Lorentz tensor can be straightforwardly extended to the high order
tensor case. These basic Lorentz tensor which are related to S LLL can be written as
h
Sµν
LLLi,in
= S LLLh
Sµν
Ui
, h˜
Aµν
LLL,in
= S LLL h˜
Aµν
U
. (4.22)
The other basic Lorentz tensors can be constructed according to Eqs. (4.4)-(4.9) and Eqs. (4.19)-(4.20) by replacing S LT to the
corresponding polarization components, i.e,
h˜
Sµν
LLT
= S
{µ
LLT
pν}q , h
Sµν
LLT
= ε{µqpS LLT pν}q , (4.23)
h˜
Aµν
LLT
= S
[µ
LLT
pν]q , h
Aµν
LLT
= ε[µqpS LLT pν]q . (4.24)
For S
xµ
LTT
and S
xxµ
TTT
, they can be obtained in the same way, we do not repeat the calculation here.
Substituting these basic Lorentz tensors into Eqs. (4.10)-(4.11) and contractingwith the leptonic tensor yields the cross section
9of the inclusive electron-positron annihilation process,
Epdσ
d3p
=
α2em
s2
[
FU + S LF˜L + S LLFLL + S LLL ˜FLLL
]
, (4.25)
where αem is the fine structure constant, s = Q
2. There are 15 polarized terms in the cross section. FU denotes the unpolarized
term. For simplicity, we only present the longitudinal polarized terms here. Fi are given by
FU = (1 + cos2 θ)FU1 + sin2 θFU2 + cos θFU3 , (4.26)
F˜L = (1 + cos2 θ)F˜L1 + sin2 θF˜L2 + cos θF˜L3, (4.27)
FLL = (1 + cos2 θ)FLL1 + sin2 θFLL2 + cos θFLL3, (4.28)
F˜LLL = (1 + cos2 θ)F˜LLL1 + sin2 θF˜LLL2 + cos θF˜LLL3 , (4.29)
where FK(K = U1, · · · , LLL3) are known as the structure functions which can be determined in experiments, θ is the scattering
angel in the center of lepton momenta frame.
There are three steps to calculate the hadron polarizations according to the cross section. Since the main purpose of this article
is to parameterize the spin-3/2 density matrix, we do not show the detailed calculations but show the major steps. First of all,
we calculate the probability of finding a certain spin operator (e.g, S
xy
LTT
= 〈Σxyz〉) on its eigenstate ψLTT . We have done this in
the previous section. Second, we need to calculate all eigenvalues of all the spin operators on eigenstate ψLTT . It is not difficult
to solve the Schrodinger equations to calculate the eigenstate and these eigenvalues. There is another way to calculate these
eigenvalues. Since we consider the polarizations on eigenstate ψLTT , in this case the SDM can be written as ρ = |ψLTT 〉〈ψLTT |.
Using |ψLTT 〉〈ψLTT | =Eq. (2.48) yields all the eigenvalues. The final step is substituting all the eigenvalues on |ψLTT 〉 into the
cross section to obtain the terms which are only related to S
xy
LTT
. Using Eq. (3.13), one can obtain the polarization.
To finish this section, we would like to stress again that the basic Lorentz tenors can be applied into the electron-positron
annihilation, deeply inelastic scattering and the Drell-Yan processes. One can only change the four-momentum in accord with
the process under considered.
V. SUMMARY
The description of particles with spin can be attained by using a spin density matrix in high energy reaction. The spin density
matrix can be written as a standard form by using the spherical tensor operator or a Cartesian form by using the irreducible spin
tensor. In this paper we present a parametrization of the spin density matrix for spin-3/2 particles in the Cartesian form. We
obtain four equations for the spin polarizations by comparing the standard form with the Cartesian form. These four equations
can be used to eliminate the dependent spin polarizations in describing polarized system. We also present the probabilistic
interpretations of these spin polarizations by defining the spin operator in the spherical coordinate frame. From Eq. (4.25), we
can see that these results can be used in the cross section to extract hadron polarizations.
The SDM considered in this paper can not only be applied to the annihilation process but also applied to any other spin-3/2
baryon production processes. We obtain 7 spin polarization components for spin-3/2 particles, S LLL , S
x
LLT
, S
y
LLT
, S xx
LTT
, S
xy
LTT
,
S xxx
TTT
and S
xxy
TTT
. As mentioned, one can freely choose any combination of the 7 polarizations as long as S
xy
LTT
is included. For
spin-3/2 particle, Ω which is spin-3/2 is made up of three strange quarks. Measuring the polarization of it in the high energy
reactions is an ideal way to study the strange quark spin transfer in hadronization processes, which can help us to understand
more about the intrinsic structures of hadronization.
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Appendix A: Probabilistic interpretations of spin polarizations
In Sect. III, we calculate part of the polarizations in terms of the probabilities. In this section, we show all the others. First of
all, we show the spin vector polarizations.
〈Σy〉 = 3
2
[P 3
2
(
pi
2
,
pi
2
) − P− 3
2
(
pi
2
,
pi
2
)] +
1
2
[P 1
2
(
pi
2
,
pi
2
) − P− 1
2
(
pi
2
,
pi
2
)], (A1)
〈Σz〉 = 3
2
[P 3
2
(0, 0) − P− 3
2
(0, 0)] +
1
2
[P 1
2
(0, 0) − P− 1
2
(0, 0)]. (A2)
The spin vector polarizations are expressed as follows.
〈Σxx〉 = 9
4
[P 3
2
(
pi
2
, 0) + P− 3
2
(
pi
2
, 0)] +
1
4
[P 1
2
(
pi
2
, 0) + P− 1
2
(
pi
2
, 0)] − 5
4
, (A3)
〈Σxz〉 = 9
4
[P 3
2
(
pi
4
, 0) + P− 3
2
(
pi
4
, 0)] +
1
4
[P 1
2
(
pi
4
, 0) + P− 1
2
(
pi
4
, 0)], (A4)
〈Σyz〉 = 9
4
[P 3
2
(
pi
4
,
pi
2
) + P− 3
2
(
pi
4
,
pi
2
)] +
1
4
[P 1
2
(
pi
4
,
pi
2
) + P− 1
2
(
pi
4
,
pi
2
)]. (A5)
〈Σzzz〉 =
(
3
2
)3
[P 3
2
(0, 0) − P− 3
2
(0, 0)] +
(
1
2
)3
[P 1
2
(0, 0) − P− 1
2
(0, 0)]
− 15
8
[P 3
2
(0, 0) − P− 3
2
(0, 0)] − 5
8
[P 1
2
(0, 0) − P− 1
2
(0, 0)], (A6)
〈Σyzz〉 = 5
√
5
3
(
3
2
)3
[P 3
2
(θy,
pi
2
) − P− 3
2
(θy,
pi
2
)] +
5
√
5
3
(
1
2
)3
[P 1
2
(θy,
pi
2
) − P− 1
2
(θy,
pi
2
)]
− 4
√
2
3
(
3
2
)3
[P 3
2
(
pi
4
,
pi
2
) − P− 3
2
(
pi
4
,
pi
2
)] − 4
√
2
3
(
1
2
)3
[P 1
2
(
pi
4
,
pi
2
) − P− 1
2
(
pi
4
,
pi
2
)]
− 2
(
3
2
)3
[P 3
2
(0, 0) − P− 3
2
(0, 0)] − 2
(
1
2
)3
[P 1
2
(0, 0) − P− 1
2
(0, 0)]
+
1
3
(
3
2
)3
[P 3
2
(
pi
2
,
pi
2
) − P− 3
2
(
pi
2
,
pi
2
)] +
1
3
(
1
2
)3
[P 1
2
(
pi
2
,
pi
2
) − P− 1
2
(
pi
2
,
pi
2
)]
− 5
12
(
3
2
)
[P 3
2
(
pi
2
,
pi
2
) − P− 3
2
(
pi
2
,
pi
2
)] − 5
12
(
1
2
)
[P 1
2
(
pi
2
,
pi
2
) − P− 1
2
(
pi
2
,
pi
2
)], (A7)
〈Σzzx〉 = 5
√
5
3
(
3
2
)3
[P 3
2
(θzx, 0) − P− 3
2
(θzx, 0)] +
5
√
5
3
(
1
2
)3
[P 1
2
(θzx, 0) − P− 1
2
(θzx, 0)]
− 4
√
2
3
(
3
2
)3
[P 3
2
(
pi
4
, 0) − P− 3
2
(
pi
4
, 0)] − 4
√
2
3
(
1
2
)3
[P 1
2
(
pi
4
, 0) − P− 1
2
(
pi
4
, 0)]
− 2
(
3
2
)3
[P 3
2
(0, 0) − P− 3
2
(0, 0)] − 2
(
1
2
)3
[P 1
2
(0, 0) − P− 1
2
(0, 0)]
+
1
3
(
3
2
)3
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] +
1
3
(
1
2
)3
[P 1
2
(
pi
2
, ) − P− 1
2
(
pi
2
, 0)]
− 5
12
(
3
2
)
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] − 5
12
(
1
2
)
[P 1
2
(
pi
2
, 0) − P− 1
2
(
pi
2
, 0)], (A8)
〈Σzxx〉 = 5
√
5
3
(
3
2
)3
[P 3
2
(θxz, 0) − P− 3
2
(θxz, 0)] +
5
√
5
3
(
1
2
)3
[P 1
2
(θxz, 0) − P− 1
2
(θxz, 0)]
− 4
√
2
3
(
3
2
)3
[P 3
2
(
pi
4
, 0) − P− 3
2
(
pi
4
, 0)] − 4
√
2
3
(
1
2
)3
[P 1
2
(
pi
4
, 0) − P− 1
2
(
pi
4
, 0)]
− 2
(
3
2
)3
[P 3
2
(
pi
2
, 0) − P− 3
2
(
pi
2
, 0)] − 2
(
1
2
)3
[P 1
2
(
pi
2
, 0) − P− 1
2
(
pi
2
, 0)]
+
1
3
(
3
2
)3
[P 3
2
(0, 0) − P− 3
2
(0, 0)] +
1
3
(
1
2
)3
[P 1
2
(0, ) − P− 1
2
(0, 0)]
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− 5
12
(
3
2
)
[P 3
2
(0, 0) − P− 3
2
(0, 0)] − 5
12
(
1
2
)
[P 1
2
(0, 0) − P− 1
2
(0, 0)], (A9)
where θy = arctan
1
2
, θzx = arctan
1
2
, θxz = arctan 2.
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